We describe a theory of quantum gravity which is based on the assumption that the spacetime structure at small distances is given by a piecewise linear (PL) 4-manifold corresponding to a triangulation of a smooth 4-manifold. The fundamental degrees of freedom are the edge lengths of the triangulation. One can work with finitely many edge lengths, so that the corresponding Regge path integral can be made finite by using an appropriate path-integral measure. The semi-classical limit is computed by using the effective action formalism, and the existence of a semi-classical effective action restricts the choice of the path-integral measure. The classical limit is given by the Regge action, so that one has a quantum gravity theory for a piecewise-flat general relativity. By using the effective action formalism we show that the observed value of the cosmological constant can be recovered from the effective cosmological constant. When the number of 4-simplices in the spacetime triangulation is large, then the PL effective action is well approximated by a quantum field theory effective action with a physical cutoff determined by the smallest edge length.
Introduction
The standard approach to the problem of constructing a quantum gravity (QG) theory [1, 2] can be described as the following problem. Let M be a smooth 4-manifold, of topology Σ × I, where Σ is a 3-manifold and I an interval from R. Let g be a Minkowski-signature metric on M and Φ a set of matter fields on M . Then the goal is to find a triple (ĝ,Φ,Û ), wherê g andΦ represent Hermitian operators parametrized by the points of M , acting in some Hilbert space H, whileÛ is a unitary evolution operator parametrized by I, such that the the classical limit ( → 0) of the quantum time-evolution is equivalent to the Einstein equations.
The best known example of this approach is Loop Quantum Gravity (LQG), see [3] for a recent review and references. In the LQG case, the Hilbert space H is only known to be a subset of a non-separable Hilbert space andÛ can be constructed only for a triangulation T (M ) of M , so that it is not clear what is the classical limit. Note that in the standard QG approach, the structure of M is not changed after the quantization, and it is well known that this is the main source of the difficulties for a quantization of gravity [1, 2] . This leads us to an alternative approach where M is replaced by a quantum spacetime M . The obvious choice would be a noncommutative manifold based on M , like in the case of noncommutative geometry (NCG) [4] , where the coordinates of M become elements of a noncommutative algebra. Another choice is made in the superstring theory [5] , where the coordinates of M become coordinates of the loop manifold LM and new Grassmann (anticommuting) coordinates are added, so that M is a loop super manifold.
In this paper we would like to present the case when M = T (M ), see [12, 13] . This is clearly a much simpler choice for M than the one made in NCG or in the superstring theory, but the price paid is that the spacetime triangulation becomes a physical structure. However, the PL manifold T (M ) looks like the smooth manifold M when the number of 4-simplices is large. Also, by using T (M ) one reduces the infinite number of the degrees of freedom (DOF) for g and Φ to a finite number, which then simplifies the quantization.
Note that Regge was the first to use T (M ) in order to define the path integral for general relativity (GR) [6] , see [7] for a modern review. However, in Regge's approach the triangulation was an auxiliary structure and had to be removed via the smooth limit T (M ) → M . However, obtaining the smooth limit in the Regge approach is a difficult problem. The same applies to the case of spin-foam models of LQG, which can be only defined when the spacetime is a PL manifold. In causal dynamical triangulations (CDT) approach [8] , T (M ) is also used to define the path integral, but it is also considered an auxiliary structure. Obtaining the smooth limit in CDT is proposed by performing a sum over the triangulations.
PL gravity path integral
Let T (M ) be a regular 1 triangulation of a smooth 4-manifold M . We will assign positive numbers L ǫ to the edges ǫ of T (M ). If we think of an L ǫ as a distance between two vertices of T (M ) induced by some metric, then we can define a constant metric in each 4-simplex σ
where the indices 0, 1, 2, 3, 4 denote the vertices of a 4-simplex σ. Hence we replace a smooth metric g on M by a PL version (1) . We want that the PL metric has the Minkowski signature, and this can be ensured by requiring that L ǫ satisfy the triangle inequalities for the triangles which belong to one of the tetrahedrons of σ, for example the tetrahedron (1, 2, 3, 4) , while the L ǫ of the triangles (0, i, j) must not satisfy the triangle inequalities.
Having all L ǫ > 0 means that all triangles in T (M ) are spacelike. For M = Σ × I manifolds, this gives an accordion-like triangulation (triangulation of a cylinder). A more natural triangulation is to take a finite number of spacelike slices T k (Σ) which are linked by timelike edges such that each 4-simplex has a spacelike tetrahedron in T k and a vertex in T k−1 or in T k+1 . This class of triangulations is used in CDT models [8] . We will then require that the L ǫ of T k satisfy the triangle inequalities, while a timelike edge will be assigned an imaginary length iL ǫ . Hence the labels of the edges of timelike triangles will not satisfy the triangle inequalities and the metric (1) will have the correct signature.
The curvature scalar R will be concentrated on the triangles and R will be given by the deficit angle divided by the area of the dual face. Hence in each σ we have a flat metric (1) so that we can say the corresponding PL metric is a piecewise-flat metric.
Note that an L ǫ label represents a proper length, so that L ǫ is invariant under the local Lorentz transformations in each 4-simplex. We will also have (L ǫ ) 2 > 0 for a spacelike edge, while (L ǫ ) 2 < 0 for a timelike edge.
The Einstein-Hilbert action for the PL metric (1) becomes the Regge action
where G N is the Newton constant, A ∆ (L) is the area of a triangle ∆ ∈ T (M ) and θ ∆ is the deficit angle. Λ c is the cosmological constant and V 4 is the 4-volume of T (M ). See [8] how to define (2) when the timelike triangles are present. Note that the Regge action describes a theory with a finite number of DOF when Σ is compact, while in the case when Σ is non-compact, we can restrict L ǫ to be non-zero only in a ball B ⊂ Σ. One can also couple the matter fields to a Regge PL metric and the corresponding smooth actions will become the PL actions for a finite number of matter DOF. For example, a scalar field will be defined by the values of the field at the vertices of T (M ), which is equivalent to a PL function on the 4-polytopes of the dual triangulation.
In the case of a scalar field matter, the Regge path integral will be given by the following (E + V )-dimensional integral
where E is the number of the edges in T (M ) and V is the number of the vertices in T (M ) [13] . S m is the PL form of the scalar-field action and the integration region D E is a subset of R E + where the triangle inequalities hold. The measure µ has to be chosen such that it makes Z finite. The matter PI measure is taken to be trivial and we will assume that the matter path integral is finite. This is true, because the matter path integral will be given by a finite product of the integrals of the type
where α, β ∈ C. Since I is convergent for α, β > 0, the analytic continuation I(iα, iβ) will be finite. Note that in the standard Regge formulation the spacetime metric is of the Euclidean signature. This was done in analogy to the QFT case where the Euclidean signature improves the convergence of the path integral (3). However, in the QG case this does not help, because the scalar curvature also changes the sign in the Euclidean case and can be unbounded. Actually, the Lorentzian integral has better convergence properties, which can be seen on a toy example R(x) = α x 2 where x ∈ R + and α is a constant different from zero. Then
is convergent for any sign of α. The presence of imaginary edge lengths and imaginary angles in the Lorentzian case is not a problem, since all the geometric quantities can be defined [8] .
Finding the smooth limit T (M ) → M for Z is a difficult problem. However, there is a promising approach, based on the Wilson renormalization group [7] . In this approach one considers Z as function of the dimensionless couplings γ e λ
where L 2 c = G N /Λ c and l 0 is an arbitrary length. One then looks for a critical point P 0 = (γ 0 , λ 0 ) where the second derivatives of Z diverge so that there is a second-order phase transition. At the critical point the correlation length diverges, so that a transition to the smooth phase occurs. However, the problem with this approach is that at P 0 the perturbation theory does not apply, so that the calculation has to be done by using numerical methods. Also the semiclassical limit l 2 P → 0 corresponds to a strong coupling region γ → ∞ and λ → ∞ so that it is difficult to determine it analytically.
However, the easiest way to determine the semiclassical limit in a QG theory defined by a path integral is to use the effective action, see [9, 10, 11, 12, 13] . Namely, the effective action can be calculated analytically in the → 0 limit. Also the PI measure µ(L) has to be such that allows a semiclassical expansion for the effective action for large L ǫ . This gives us an additional constraint on the choice of µ(L).
Effective action for PL quantum gravity
We will assume that T (M ) is the fundamental spacetime structure, i.e. the spacetime is a piecewise linear 4-manifold T (M ) with a flat metric in each cell (4-simplex σ). If N is the number of cells of T (M ), then for N ≫ 1, T (M ) will look like the smooth manifold M on a scale much larger than the maximal edge length.
By an appropriate choice of the measure µ the integral Z(T (M )) can be made finite. Since T (M ) is the physical spacetime, there is no need to define the smooth limit T (M ) → M . Instead, we need a large-N approximation for the observables. This is analogous to the fluid dynamics situation where on the scales much larger than the inter-molecular distance we can approximate the molecular velocities as a smooth field and use the Navier-Stokes equations.
We will determine the semiclassical limit of PL quantum gravity by using the effective action. It can be computed by using the effective action equation in the limit L ǫ ≫ l P = √ G N . Let us recall first the effective action definition from quantum field theory (QFT). Let φ be a real scalar field on M and let
be a flat-spacetime action. The effective action Γ (φ) can be determined from the following integro-differential equation
see [14, 15] . Note that a generic solution Γ (φ) is a function with values in C. The Wick rotation is used to obtain a real-valued function Γ (φ). This is done by solving first the EA equation in the Euclidean spacetime
Then x 0 = −it is inserted into a solution Γ E (φ), where (x 0 , x k ) are the spacetime coordinates, so that
However, the Wick rotation cannot be used in quantum gravity, since in many problems of interest, introducing a flat background metric does not make sense. One way to resolve this difficulty is to use the fact that the Wick rotation in QFT is equivalent to
see [9, 10] . This prescription is convenient for quantum gravity because it does not involve a background metric, nor a system of coordinates.
In the case of PL quantum gravity without matter, the effective action (EA) equation is given by
where
We will look for a semiclassical solution
Actually, one can use the equation (9) to determine Γ (L) for large L when µ falls off sufficiently quickly [12] . The reason is that
for L ǫ → ∞, so that the relevant behaviour is captured by the following one-dimensional integral
+l P e −zL 2 /l 2
2z and Re z = −(log µ) ′′ . The non-analytic terms in will be absent if
Hence the perturbative solution exists for the exponentially damped measures and it will be given by the equation (9) .
For D E (L) = R E and µ(L) a constant, the perturbative solution is given by the EA diagrams
and
where G = i(S ′′ Rc ) −1 is the propagator and S n = iS
Rc /n! for n > 2, are the vertex weights, see [15, 12] . The contractions X · · · Y are the sums over the repeated DOF indices
When µ(L) is not a constant, then the perturbative solution is given by
P log µ , whileΓ n is given by the sum of n-loop EA diagrams withḠ propagators andS n vertex weights [12] . Therefore
see [12] . Since the PI measure µ has to vanish exponentially for large edge lengths, a natural choice is
where L 0 is a length parameter [12] . Since log
where L −2 c = Λ c , we get the following large-L asymptotics [13, 16 ]
Effective cosmological constant
The asymptotics (12) and (13) imply that the series
The effective action is then given by
for L ǫ ≫ l P . Hence the O( ), or the one-loop, cosmological constant (CC) for pure gravity is given by
One can show that the one-loop cosmological constant is exact because there are no O(L 4 ) terms beyond the one-loop order [13, 16] . This is a consequence of the large-L asymptotics
Hence the one-loop formula (14) is exact in the case of pure gravity. If Λ c = 0, the observed value of Λ is obtained for L 0 ≈ 10 −5 m so that l 2 P Λ ≈ 10 −122 [12] . Note that L 0 ≈ 10 −5 m is consistent with the requirement that L 0 ≫ l P , which replaces the SC condition L 0 ≫ √ L c l P when Λ c = 0. The formula (14) is intriguing but unrealistic, since there is matter in the universe. In order to obtain a realistic expression for the effective CC, we need to study the EA equation with matter. This study also requires the understanding of the emergence of the smooth spacetime from a PL manifold T (M ). If T (M ) has a large number of the edges (E ≫ 1) then the following approximations are valid
where |g| = | det g|. These are the standard formulas of the Regge calculus and they nicely illustrate how the PL manifold T (M ) with many 4-simplices can be approximated by a smooth manifold M with a smooth (differentiable) metric g. Similarly, the effective action Γ (L) will be approximated by a QFT effective action Γ * (g), where g is a smooth metric on M . Let L K be a minimal length in a triangulation, so that L ǫ ≥ L K and let L K ≫ l P . When E ≫ 1 the following approximation is valid
where R µν is the Ricci tensor, and a, b, K 0 are some constants. The formula (17) follows from the fact that a PL function on a lattice with a cell size L K can be written as a Fourier integral over a compact region |q| ≤ π/L K where q is the wave vector 3 . Hence the PL trace-log term can be approximated by using the QFT formulation of GR with a momentum cutoff K = 2π /L K .
The effect of the matter on the CC can be studied by introducing a scalar field on M
where U = 1 2 ω 2 φ 2 + λ φ 4 . On a PL manifold T (M ) the action (18) becomes
where φ ′ k = (φ k − φ 0 )/L 0k and k, l, 0 are vertices in a 4-simplex σ, p labels the vertices of T (M ) and V * is the volume of the dual cell. Then the total classical action of gravity plus matter on T (M ) is given by
The corresponding EA equation is given by
whereS = S Rc − il 2 P log µ + G N S m , see [13] . We will look for a perturbative solution
and require it to be semiclassical for L ǫ ≫ l P and | √ G N φ| ≪ 1. This can be checked on the E = 1 toy model
where θ(L) is a homogeneous function of degree zero. It is not difficult to see that
for constant φ where U ef f (0) = 0. Furthermore,
where Γ pg is the pure gravity contribution and Γ mg is the matter induced contribution.
In the smooth-manifold approximation one has
where K = 2π /L K is the momentum cutoff. One can show that
where R µνρσ is the Riemann curvature tensor, see [13] . The effective CC will be then given as
where Λ qg is given by (14) . Note that the matter contribution to CC can be approximated by a sum
where v(γ, K) is a one-particle irreducible vacuum Feynman diagram for the field-theory action S m in flat spacetime with the cutoff K. One can show that
for K ≫ ω, whereλ = l 2 P λ, see [16] . Therefore one has a highly divergent sum of matter vacuum-energy contributions to the cosmological constant when K → ∞. This is the famous cosmological constant problem which appears in any QFT formulation of quantum gravity.
However, in the PL formulation of quantum gravity (PLQG), the QFT which produces the infinite sum in (22) is just an approximation. The fundamental theory has finitely many DOF so that the exact solution of the EA equation will give a finite and cutoff-independent value for Λ. Therefore
The equation (24) can be used to fix the free parameters L 0 and L c . By equating Λ with the experimentally observed value, we obtain
where λ = l 2 P Λ ≈ 10 −122 , x = ± l 2 P /L 2 c , y = l 4 P /2L 4 0 and λ m = l 2 P V . The equation (25) has infinitely many solutions, but we also have to impose the condition for the existence of the semi-classical limit (11) . This gives the restriction 0 < y < 2|x| .
The value of λ m is not known, but for any value of λ m the equation (25) has infinitely many solutions which obey the restriction (26). Note that the solution x = −λ m and y = λ, which was proposed in [13] , will be acceptable if |λ m | > λ/2. This solution is special because it gives a value for L 0 which is independent of the value of λ m , L 0 ≈ 10 −5 m. This is the same value which was obtained in the case of pure PL gravity without the cosmological constant [12] .
The CC problem in quantum gravity
The formula (24) for the exact effective cosmological constant is an essential ingredient for the resolution of the CC problem from QFT in the context of a QG theory. The result (24) can be better understood if we recall the definition of the CC problem given by Polchinski [17] . According to this definition, the CC problem in a QG theory has two parts:
1) show that the observed CC value is in the CC spectrum, 2) explain why the CC takes the observed value. The meaning of the first part (P1) of the CC problem is obvious if the cosmological constant is represented by an operator. In the case when one has a quantum corrected expression of the classical CC value, one has to show that there are values of the free parameters which give the observed CC value. The PLQG theory clearly solves P1, while the second part (P2) of the CC problem cannot be addressed by the current formalism. The reason is that one has to generalise the standard formalism of quantum mechanics in order to provide a mechanism for a selection of a wavefunction of the universe with a particular value of the cosmological constant.
Note that demonstrating P1 is a highly non-trivial task in any QG theory. The problem P1 has been addressed so far only in PLQG theory and in string theory. In the string theory case there are only plausibility arguments that P1 is true [18, 19] . The CC spectrum in string theory is discrete with O(10 500 ) values [18] . Although positive CC values are not natural in string theory, a mechanism for their appearance was provided in [19] . Hence it is plausible to assume that the CC spectrum is sufficiently dense around zero such that the observed value is sufficiently close to some CC spectrum value.
The second part of the CC problem has been only addressed in string theory. This is the multiverse proposal, see [21] , and the assumption is that there are many universes, each having a fixed CC value from the CC spectrum. We live in the universe with the CC value Λ c l 2 P ≈ 10 −122 , because this is the value that allows formation of galaxies, planets and life, see [20] for the anthropic determination of the CC value.
Note that there are many proposals for P2 which are not derived from a QG theory, but instead it is assumed that a certain effective action exists such that its equations of motion give the required CC value, see for example [22] .
Conclusions
The PLQG theory is a theory of quantum gravity which has finitely many degrees of freedom and no infinities. The underlying spacetime structure is a PL manifold T (M ) and the smooth spacetime M is recovered as an approximation valid when the number of 4-simplices is large and at a length scale much larger than the typical edge length. The smooth spacetime approximation is analogous to the smooth vector field approximation for the molecular velocities in a fluid.
The PLQG theory is defined by the Regge path integral with a nontrivial measure. The measure is chosen such that it gives a finite path integral, and also it has to admit a semi-classical solution of the effective action equation. These criteria select the exponentially vanishing measures for large edge lengths, and a simple and natural choice for the measure is (10) . This measure simplifies the analysis of the effective cosmological constant and one can obtain the formula (24) for the exact effective CC, i.e. to all orders in . The two free parameters in (24) can be consistently chosen such that the observed CC value is obtained. This is an important requirement for any QG theory and PLQG is the only existing QG theory where this property has been demonstrated explicitly.
Another nice property of the PLQG theory is that the effective action Γ can be approximated by a QFT effective action Γ * when the number of 4-simplices in T (M ) is large. Γ * can be calculated by using the perturbative QFT for GR with matter and with a momentum cutoff K, when L ǫ ≥ L K ≫ l P . Hence the minimal edge length L K in the triangulation determines the momentum cutoff K and
for E ≫ 1 and V ≫ 1. The QFT approximation (27) will be still valid for L K ≤ l P , but in this case Γ * cannot be calculated by the perturbative QFT methods. Instead, one has to use a non-perturbative method to solve the EA equation. The existence of the QFT approximation (27) implies that one can obtain the running of the elementary particle masses and the coupling constants with K, see for example the equation (20) .
Note that the effective action only makes sense for the spacetimes which are given by the direct product of a 3-manifold with an interval. In order to study the quantum cosmology questions, one needs to consider 4-manifolds of general topology, which is different from Σ×I topology. When M = Σ×I, the concept of the effective action cannot be used. However, the HartleHawking (HH) wavefunction [23] can be defined for any T (M ) by using the PLQG path integral (3). By choosing a triangulation for a manifold M ∪ (Σ × I) , ∂M = Σ , one can describe a Big-Bang quantum cosmology with an initial HH state, which evolves by the evolution operator defined by the PLQG path integral for the T (Σ × I) part of the spacetime. It is then plausible to assume that the effective dynamics which corresponds to the time evolution of the HH state will be given by the PLQG effective action, defined by the equation (19) .
